An asymptotic analysis is presented for the mass transport of a solute due to volume-cycled oscillatory flow in a prestressed and viscoelastic tube with a reactive wall layer (wall retention and absorption). Based on the homogenization technique, the convection-diffusion transport equation is derived for the developed time-mean concentration, containing the effective transport coefficients of advection and dispersion as functions of oscillation frequency, initial stresses, viscoelasticity of the wall, and the two wall reactions. The present model as applied to gas transport in pulmonary airways under high-frequency ventilation is examined in detail, through comparison with a model in the literature. The dispersion coefficient is independent of the wall properties if the tube is tethered. The gas transport rate is found to be enhanced monotonically when either the reversible phase partitioning or its exchange rate increases.
Introduction
For patients suffering from acute respiratory failure, e.g., lung injury and acute respiratory distress syndrome, the mechanical ventilator is a common type of device used to assist breathing. Conventional ventilators which mimic normal breathing may lead to lung injury owing to high airway pressures [1, 2] . High-frequency ventilation (HFV) is a more desirable technique by which a smaller tidal volume of air is pumped into the human lung at a higher frequency by a smaller pressure difference. Gas exchange efficiency is a key factor for the clinical application of HFV, and therefore it is important to study gas transport in pulmonary airways under the operating conditions of HFV.
Gas transport during HFV is largely accomplished by Taylor dispersion [1] , instead of convection alone as in conventional ventilators. Taylor dispersion resembles molecular diffusion as a phenomenon, but it arises from an interaction between radial diffusion and axial velocity shear. Depending on the flow, dispersion can be much more efficient than molecular diffusion in spreading a solute in flow through a tube.
The study of longitudinal dispersion of a solute due to a volume-cycled oscillatory flow through a flexible tube is of considerable interest for its many applications in bio-transport processes. Taylor [3] pioneered a fundamental study on dispersion in laminar Poiseuille flow through a rigid straight tube. He pointed out that at a developed state, the dispersion of the slug of a solute along the tube can be treated such that the center of the slug travels with the cross-sectional mean speed of flow (advection velocity), and the slug is diffused with an augmented effective diffusivity (dispersion coefficient) which is a function of the molecular diffusivity and advection velocity. Following Taylor's analysis, Chatwin [4] and Watson [5] analytically solved for the dispersion of a passive contaminant in oscillatory flow driven by a timeperiodic pressure gradient. Here, a pulmonary airway is much more complicated in terms of geometry. Instead of a straight uniform rigid tube, it is in fact tapered [6, 7] , curved [8, 9, 10] , branched [11, 12] , and flexible-walled [13, 14, 15] . These geometrical features each play different roles in controlling the rate of transport of gases in the airways.
The wall flexibility can have significant effects on the gas exchange efficiency, where airway flexibility varies among people at different ages or in different lung disease states [1] . The lung compliance may be increased owing to emphysema or aging, but can be reduced for patients with fibrosis or respiratory distress syndrome.
Dragon and Grotberg [13] , which is hereinafter referred to as DG91, investigated the oscillatory flow and mass transport of gases through a thin-walled viscoelastic tube in the context of HFV. A much more comprehensive flow model was recently developed by Ma and Ng [16] , who investigated oscillatory as well as time-mean motions of a viscous fluid in a thick-walled flexible tube. The time-mean flow, also called steady streaming, is a second-order steady current when the first-order velocity components are not π/2 out of phase. It amounts to a net drift of particles even though the forcing is purely oscillatory. Based on the assumption of small-amplitude waves, Ma and Ng [16] analytically solved for the oscillatory flow and steady streaming as functions of the oscillation frequency (represented by the Womersley number), wall viscoelasticity and initial stresses. The availability of this flow model has made it possible to further study the relation between the wave propagation and gas transport in a flexible tube, which is the objective of the present work.
The mass transport problem studied by DG91 [13] is germane to the one presented in this paper. There are, however, some basic differences that distinguish the present work from DG91 [13] , as explained in the appendix.
One specific aim of the present work is to study the developed mass transport of a dissolved species in small-amplitude oscillatory flow through a prestressed, viscoelastic and reactive tube. The tube is assumed to be long, straight, axially and radially stressed, and with a uniform cross-section initially. The outer surface of the tube is assumed to be constrained by the surrounding tissues, and it is hence called a tethered tube. Effects of tapering, curvature, branching and gravity are neglected.
The oscillatory and time-mean velocity fields derived by Ma and Ng [16] will be followed. A first-order kinetic model is used to describe the reversible reaction due to phase exchange between the fluid and the wall layer, and also the irreversible reaction due to absorption into the wall. By the homogenization technique, the effective transport coefficients of advection and dispersion of the developed timemean concentration in the convection-diffusion transport equation will be derived as functions of oscillation frequency, initial stresses, viscoelasticity of the wall, and the rates of the two wall reactions. The early-stage transient concentrations are ignored in this work. The time-scale for the irreversible absorption is assumed to be much longer than that for the reversible phase exchange, which is comparable with the short time-scale of an oscillation period. When discussing the results, we shall first compare with DG91 [13] the mass transport rate in an inert tube. Next, the dependence of the mass transport rate and dispersion coefficient on the wall flexibility will be examined in detail. Finally, the effects of the wall elasticity, initial stresses, wall reactions on the advection velocity and the transport rate are also discussed.
Mathematical formulation
The mass transport induced by a small-amplitude periodic wave traveling along a long flexible tube of circular cross-section is considered. The core of the tube, which has an initially inflated radius a, is filled with an incompressible Newtonian viscous fluid.
The wall of the tube, whose outer radius is initially b (b > a), is supposed to be made up of a Voigt type of material. Eulerian cylindrical coordinates are used in which the radial and axial coordinates are denoted by r and z, respectively. Axisymmetry is assumed, and hence any dependence on the azimuthal position is eliminated. The outer surface of the tube is assumed to be zero-displacement axially (i.e., a tube constrained by the surrounding tissues). A progressive wave of wavenumber k is induced in the system by an oscillatory pressure gradient of angular frequency σ:
where p f 1 represents the oscillatory fluid pressure whose amplitude is p s , t is time, and i = √ −1 is the complex unit. The mathematical expressions for the oscillatory flow and the induced steady streaming, which have been derived by Ma and Ng [16] , will be given later.
Having known the fluid motion in the system, we may now consider the transport of a species, which is completely miscible with the fluid in the tube, and may also undergo heterogeneous reactions at the tube wall. The convection-diffusion equation
for the transport of a reactive solute with molecular diffusivity D can be written as follows:
together with the boundary conditions [17, 18, 19] :
where u and w are the radial and axial fluid velocities, C(r, z, t) is the concentration (mass of species per bulk volume of fluid) of the fluid phase, and C s = C s (z, t) is the concentration (mass of species retained per unit surface area of the wall) of the solid phase. The wall reactions are specified on the moving surface r = a + ξ, where ξ = ξ(z, t) is the radial deformation of the fluid-wall interface, and n is the unit outward normal to this interface. Here, Γ, κ and ω are the irreversible absorption rate, the reversible reaction rate and the partition coefficient, respectively. The first equality in Eq. (4) describes the irreversible reaction by which the substance is transformed and absorbed irreversibly into the wall. The second equality is for the reversible exchange between phases of the species across the fluid-lining interface.
Further assumptions are made to prepare ground for the perturbation analysis.
First, we suppose that the length-scale L for the axial spreading of the species is much greater than the tube radius a. Therefore, the following small parameter
is used as an ordering parameter. Second, the oscillation period of the flow is so short that the diffusion across the entire section may be accomplished, but there is no appreciable transport effect down the tube within this short time-scale. Third, the two wall reactions are effective over different time scales. The irreversible absorption takes place at a much slower rate than the reversible phase exchange, which can be largely achieved over a finite number of oscillations. Fourth, due to the sharp contrast in length scales defined in Eq. (5), the axial diffusion/dispersion requires an even longer time to be effective. Under these assumptions, three distinct time scales may be introduced [17] ,
Based on these time-scales, we may introduce accordingly
which are, respectively, the fast, medium and slow time variables.
Waves are assumed to be of long wavelength and small amplitude such that k 
where ρ f is the fluid density, C * is a reference concentration.
According to the normalized variables above, Eqs. (2)-(4) can be expressed as 
In these expansions, the leading-order terms are anticipated not depending on the oscillatory short timet 0 , and the higher order terms can only be purely oscillatory functions of the short timet 0 .
On assuming small-amplitude waves and multiple time scales, we may expand the velocities and the time derivative into powers of :
Due to the oscillatory pressure gradient, the leading order velocity components can be further expanded into:
whereÛ andŴ , which have been obtained by Ma and Ng [16] , are given bŷ
where λ = αi 3/2 , in which α = a(σ/ν f ) 1/2 (where ν f is the kinematic viscosity of fluid) is the dimensionless Womersley number representing the oscillation frequency, and J n is the Bessel function of the first kind of order n. The complex wavenumber k =k r + ik i is given by a dispersion equation:
In this equation, M = ρ w /ρ f is the ratio of wall density ρ w to fluid density, β =
f is a parameter representing the significance of the tube elasticity, in which G w is the shear modulus of the wall, γ = 2 ν w /ν f is a ratio of the kinematic viscosity of the wall ν w to that of the fluid, and
and j 1 is governed by:
in whichQ = Q/G w and S are the initial steady fluid pressure and the longitudinal stretch ratio, respectively. For a constrained tethered tube, χ is zero in the absence of initial stresses. By the boundary conditions of motions, the complex constant B 1
in Eqs. (19) and (20) can be expressed as follows:
The fluid-wall interface displacementξ and the radial velocityÛ are related bŷ
Successive orders of perturbation equations are obtainable by substituting Eqs. (14)- (17) into Eqs. (11)- (13). These equations and their solutions are discussed below.
Asymptotic analysis

Leading order
For O(1), Eqs. (11)- (13) give
From the equations above, one can easily get that the leading-order concentrationĈ 0 is independent ofr:Ĉ
which imply that the fluid phase of the substance is at local equilibrium with the wall phase at the leading order.
First order
At O( ), Eqs. (11)- (13) give
Taking average of Eqs. (31)- (33) with respect to the fast time variablet 0 , we get
where the overbar denotes time average over one period. By further taking section average of Eq. (34) and using Eqs. (30), (35) and (36), we may get:
where R = 1+2ω is the retardation factor resulting from the reversible partitioning of the species into two phases. Eq. (37) is the leading-order effective transport equation
describing the rate of change on the medium time-scale T 1 , which is solely controlled by the irreversible wall absorption at a rate of 2Γ/R. There is no net advective transport as the velocity at this scale is purely oscillatory with a zero time mean.
Now the expressions for the O( ) concentrations can be found. Substituting Eq.
(37) back into Eqs. (31) and (33) gives
and
where Eq. (30) has been used. Note that Eqs. (38) and (39) are basically the same as those when the tube is rigid, as has been deduced by Ng [17] , only except for the expression of the leading-order axial velocityŴ . The flexibility of the tube will influence the advection and dispersion coefficients of the mass transport in the next order, as will be deduced later.
According to Eqs. (34) and (36), one can express the first-order concentrationsĈ 1 andĈ s1 as follows:
where N (r), N s , M (r) and M s satisfy the boundary-value problems below.
On matching with the steady terms associated withĈ 0 , one can get the following equations for M(r) and M s :
Similarly, on matching with the oscillatory terms, one can obtain the following equations for N (r) and N s :
Solutions to these boundary-value problems are presented in Section 4.
Second order
At O( 2 ), Eqs. (11)- (13) give
We first get for the following terms, on making use of Eqs. (37), (40) and (41),
where the asterisk denotes the complex conjugate, and the angle brackets denote averaging across the tube section. The successive temporal and sectional averaging of Eq. (46), subjected to the boundary conditions (47) and (48), will give the following effective transport equation:
where
is the advection velocity, and
in which
is the section-averaged Eulerian steady streaming velocity,
is an additional component of the advection velocity, andk i is the imaginary part of the complex wavenumberk.
is another additional velocity due to the wave damping as well as the wall reaction.
W D can be absent, if the wave attenuation is ignored (k i = 0) and the wall is inert
is a higher-order correction factor to the decay rate, and
is a dispersion coefficient due to the axial oscillatory fluid motion. Eq. (52) is an effective transport equation describing the slow time rate of change, which is controlled by advection, leading-order decay, diffusion and more important, dispersion. The advection and dispersion coefficients above are normalized by 2 Lσ and 2 L 2 σ, respectively. It is remarkable that ψ is solely caused by the irreversible wall absorption and the dispersion coefficient D E is affected only by the reversible phase exchange.
The effects of the wall absorption on the dispersion can be found at a higher order, but is omitted in the present study. It is only a higher-order correction to D E with a much smaller magnitude.
Effective coefficients
Correction factor ψ
First, M(r) and M s can be readily found by solving Eqs. (42) and (43):
where M(0) is an unknown constant, but will have no effect on the evaluation of ψ as shown in Eq. (62) below. After some algebra upon substitution of M and M s , the correction factor ψ can be deduced as follows:
Advection velocity W O
We first show that the additional advection velocity component W S is actually equal to the section-averaged Stokes drift. For the present axisymmetric problem, Stokes drift [21] is given by:
whose cross-section average is clearly equal to W S :
Therefore, in Eq. (54), the advection velocity W L is the section-averaged sum of the Eulerian steady streaming velocity and the Stokes drift, which amounts to the sectionaveraged Lagrangian drift or steady streaming of individual fluid particles. As shown by Ma and Ng [16] , the net Lagrangian time-mean flux across a section is identically equal to zero, W L = 0, when the time-mean motion of the wall dies out.
The additional velocity W D can be found after solving for N . The boundary conditions in Eq. (45) for N (r) can be rewritten as
(44) has the following solution:
in which Sc = ν f /D is the Schmidt number. After some algebra upon substituting
Eqs. (25) and (67) into Eq. (57), one may find that
Dispersion coefficient D E
With Eqs. (44) and (65), Eq. (59) can be manipulated to become
On the substitution of Eq. (67) into Eq. (59), an explicit expression for D E can be obtained as follows:
This dispersion coefficient is the one for oscillatory flow in a flexible tube subject to kinetic phase exchange between the fluid and the wall. By using L'Hospital's rule, one may show that the above expression has the following finite limit for Pe = α 2 or Sc = 1:
where Im stands for the imaginary part. In the limit of a perfectly rigid tube, or β → ∞, one can find that D E in Eq. (72) can reduce to the dispersion coefficient obtained previously by Ng [17] , who studied the dispersion of a chemical species in steady and oscillatory flow though a rigid reactive tube.
Comparison with DG91 [13]
To check our theory, we first compare results with those obtained by DG91 [13] , who studied mass transport in pulmonary airways during high-frequency ventilation in one half-cycle, and d = V T /πa 2 is the stroke length. Following DG91 [13] , the dimensionless flow-rate can be expressed by:
where A = d/a is a non-dimensional amplitude parameter, relating the stroke length to the undisturbed inner tube radius. In this study, A is fixed at 5.
Since the steady state is considered,Ĉ 0 can be assumed to be independent of time, such thatĈ 0 =Ĉ 0 (ẑ). For the steady transport through an inert tube, the effective transport equation (52) becomes:
are the dispersion and advection coefficients, respectively (k i < 0). It is remarkable that the transport equation (75) for the leading-order concentrationĈ 0 is essentially the same as Eq. (6.9) of DG91 [13] , but with the dependence on the flow, e.g., wavenumber and axial velocity, now clearly visible in the coefficients. By virtue of the homogenization technique, we have deduced explicit expressions for the two effective coefficients. The transport mechanisms are now more clearly described by the expressions, and the coefficients are much easier to evaluate than those in DG91 [13] .
Let us further prescribe steady boundary conditions for the concentrations at the two axial ends of the tube:Ĉ
Based on these boundary conditions, Eq. (75) can be readily solved to givê
The dimensionless steady rate of longitudinal mass transport across the cross-section, averaged over one period, is given bŷ
where the dimensional steady transport rate m has been scaled bym = m/(Lσa
On substituting the asymptotic expansions in Eqs. (14)- (16) 
By the condition of zero section-averaged steady streaming flux (W L = 0) and Eq.
(79),m can be readily manipulated to givê
The expression above for steady axial transport does not depend on the axial coordinateẑ, which is required by the conservation of mass for an inert species.
The dimensionless steady rate of transport based on DG91's [13] viscoelastic wall model can be re-deduced to be in a form more concise than that expressed in their paper:
where E = 3G w is Young's modulus for an incompressible tube and g is the wall damping. The complex constant B is determined by the no-flux condition: dN /dr = 0. Y 0 is the zeroth-order Bessel function of the second kind, andk is the complex wavenumber in DG91's [13] model. Since m has been scaled by aν f C * in DG91 [13] , m here should be written asm = −1 α 2m for possible comparison with m . As was assumed by DG91 [13] , the initial stresses are ignored in this particular example.
In DG91's [13] model, the viscous damping is accounted for by a dissipation term added directly to the inertia alongside the acceleration terms in the momentum equations deduced previously by Atabek and Lew [22] . In principle, the viscous damping term should better be incorporated into the stress terms through a viscoelastic Voigt model. With the comparison of the two models, one finds that
which relates the wall damping g (used in DG91 [13] ) with the viscous coefficient ν w (used in the present work), by which results of the present viscoelastic model can be compared with those presented in DG91 [13] . between the present model and DG91 [13] . As clearly seen in the figure, the present results for gas transport are essentially in good agreement with those by DG91 [13] .
The close agreement suggests that, as far as a thin-walled tube is considered (b < 1.1), our dispersion model is as good as DG91's [13] model when applied to gas transport in pulmonary airways during HFV. Looking into Eqs. (71), (82), (83), and (84), one can find that the formulas of the two models for the transport rate are basically the same, except for the expressions for N (r) andN (r), which are solely determined by the axial velocity. The differences between the two models, giving rise to different velocity fields, have been discussed in detail previously by Ma and Ng [16] . The disparities stem from some basic differences between the two models in handling the radial wall displacement. As was pointed out by Sera et al. [23] , and Montaudon et al. [24] , the mean thickness of pulmonary airways is usually larger than 15% of the lumen radius. Therefore, our thick-wall model for describing the gas transport in flexible airways is more general than DG91's [13] thin-wall model, which is good only for relatively small tube thickness (b < 1.1). Fig. 1(a) shows that for the same frequency, the transport rate increases as the wall stiffness increases. The curve for β = 500000, practically a rigid wall, serves as the upper bound (i.e., the maximum possible) for the transport rate. Along this upper bound, the transport rate increases monotonically with the frequency. At a fixed frequency, the transport rate will in general get smaller as the tube becomes softer. For elasticity as small as, say β = 5 and 50, the relation between transport rate and frequency is non-monotonic; the transport rate can reach a local maximum at a certain frequency, which is termed the optimal frequency. When the optimal frequency is exceeded, the transport rate can drop dramatically to a low value. The optimal frequency was also discussed by DG91 [13] . An important conclusion drawn by them is that the optimal frequency for maximum transport rate is close to the frequency for the minimum phase angle of the interface displacement, suggesting that the interfacial phase lag is correlated to the mass transport rate. When examining the two frequencies within the working ranges of HFV (α ≤ 15) against the wall elasticity as illustrated in Fig. 2 , we find that the two frequencies are in a nearly constant ratio close to unity. The two frequencies increase monotonically as β increases and the ratio of the optimal frequency to the frequency for minimum interfacial phase angle falls within the range of 1.15-1.2. The ratio tends to increase only slightly as the elasticity increases. Hence, the interfacial phase angle is a factor that can be used to gauge the gas transport rate in pulmonary airways during high-frequency ventilation;
the optimal frequency ratio 1.15-1.2 offers a good reference for practical design.
DG91 [13] suggested that it is the convective termŵ 1Ĉ1r in Eq. (81) (amounting to the dispersion coefficient) that is responsible for the local maxima of the low-β curves in Fig. 1(a) . Having deduced a much more explicit expression (82) for the transport rate, we are here in a clearer position to identify more exactly the cause of these local peaks. As in Eq. (82),m is governed by the effective dispersion coefficient D EC and the imaginary part of the wavenumberk i (representing the spatial decay rate). These coefficients are plotted respectively in Fig. 3(a,b) against the Womersley number α for various values of the elasticity β, where γ = 0.075. It is interesting to find that D EC is a function of the frequency parameter α, but not of the elasticity parameter β. Therefore, instead of the dispersion coefficient, it is more because of the local sharp decrease ofk i for small β, say β < 50, that is responsible for the local peaks (followed by sharp decline) of the mass transport rate shown in Fig. 1(a) .
The imaginary part of the wavenumberk i is always negative, and its magnitude stands for the rate of spatial decay of the waves along the tube. The local minimum (or maximum in terms of magnitude) ofk i shown in Fig. 3(b) corresponds to the occurrence of resonance [13, 16] , during which the wall motion will be dramatically enhanced in magnitude. As the wall moves with a larger amplitude in the radial direction, the fluid will be forced to move more in this direction as well. As a result, the axial transport will be reduced, as has been discussed in DG91 [13] . This explains the sudden decline, leaving a local peak behind, of the transport rate for an elastic tube upon the occurrence of resonance.
That D EC is independent of the elasticity β (in fact, independent of all the wall mechanical properties) can be explained as follows. Substituting Eqs. (20) and (24) into Eq. (74), one can obtain relations forkp o and B 1 in terms of the stroke length A, which is fixed by the condition of volume-cycling. By further making use of Eq.
(69), an alternative expression for the effective dispersion coefficient D E in Eq. (72) can be obtained as below:
From this, one can see that the dispersion coefficient D EC (which is D E without the axial decay factor) is entirely independent of any of the wall parameters (elasticity β, viscosity γ, initial stressesQ and S, and the wall thicknessb). In fact, D EC in Eq.
(92) can be shown to be the same coefficient as that in Eq. (4.39) of Ng [17] , which is for volume-cycled oscillatory flow through a rigid tube. The dispersion coefficient will, however, be no longer independent of the wall mechanical properties when the tube is untethered.
Numerical discussions on dispersion through a reactive wall
Let us further examine the gas transport mechanism due to oscillatory flow through a reactive wall. We shall use the same physical values for a human trachea as those used by DG91 [13] , except that a more general wall thickness is chosen:b = 1.15.
Since the dispersion coefficient does not depend on the wall properties for a tethered tube as discussed above, we here do not study the effects of the Schmidt number Sc, the frequency parameter α, the reversible reaction rateκ and the partition coefficient ω, as they have already been discussed previously by Ng [17] . Here, we first examine how the advection coefficient W D in Eq. (70) will vary with the wall properties. In order to pull out the term e 2k iẑ from Eqs. (70) and (72), W D and D E can be written
where W DC and D EC are independent ofẑ. Furthermore, an alternative expression for the reversible reaction rateκ in Eq. (66) can be written aŝ
is Damköhler number, representing the significance of the kinetics of the phase exchange. This redefinition will remove the dependence on frequency from the normalization. Fig. 4 shows the influences of the initial mean
f Q = MβQ and the longitudinal stretch ratio S on the advection velocity W DC . This redefinition will also remove the dependence on frequency from the normalization. For a normal trachea during HFV, S 1.3 [25] , but the initial mean pressure is so tiny that DG91 [13] totally neglected it in their calculations.
To illustrate the effects of initial stresses, the following ranges of values will be considered in our calculations: q = 0 − 2000 and S = 1 − 1.4. Fig. 4 shows the advection velocity W DC as a function of the frequency, initial mean pressure and stretch ratio, α, q and S, respectively, for a normal reactive wall. From Fig. 4(a) , we find that the mean pressure enhances the advection velocity when the frequency is smaller than the resonance frequency, but the advection velocity is reduced by increasing the mean pressure if the frequency becomes much larger (α > 12). In contrast, as shown in Fig.   4(b) , the stretch ratio S has no appreciable effect on the advection velocity. We have also checked other cases for different wall elasticity. The effects of q and S on the advection velocity is in general the same as those shown in Fig. 4(a) and (b) . Hence, we may conclude that the initial mean pressure affects the advection velocity more appreciably than the stretch ratio.
Let us here consider a wall with only the reversible reaction, i.e., the absorption is zeroΓ = 0, such that we can obtain an analytical solution of the leading-order concentrationĈ 0 . Substitution of Eq. (94) into Eq. (52) with steady end concentrations (78), the leading-order concentration gradient along theẑ-axis can be obtained as follows:
Substitution of Eq. (96) into Eq. (81), the steady mass transport ratem for a reactive wall ism
The expression above form depends on the axial coordinateẑ. Therefore, we should consider the average ofm along the tube length:
which represents the axial-averaged steady transport rate of the solute through the flexible tube. To enable one to determine whether the effect of the parameters is to increase or to decrease the transport rate, we show in It is also found that the transport rate will be independent ofω and Da when the slow-oscillation limit is approached (α → 0). Third, in Fig. 5(d) , a higher value of q may lead to smallerm , but the effect is significant only when the frequency α is not too small (α > 7). Also, the stretch ratio S tends to have little effect on the transport rate in a manner similar to that found in Fig. 4(b) . By and large, the steady transport rate is affected to a greater extent by the initial mean pressure than by the initial stretch. Fourth, the axial-averaged transport rate can also reach a peak value at a particular frequency which becomes smaller for smaller Sc, larger phase partitioning, exchange rate and initial pressure, respectively.
Concluding remarks
By the multiple-scale method of homogenization, we have derived an effective transport equation (52) For a tube with a reactive wall layer, the dispersion coefficient given in Eq. (92) for flow through a tethered tube has been shown to be independent of the wall mechanical properties (viscoelasticity, initial stresses and thickness), if the axial decay component is ignored. With some numerical calculations, the advection velocity and axial-averaged steady mass transport rate have been shown to have various degrees of dependence on the oscillation frequency, wall viscoelasticity, phase exchange parameters and initial stresses. One remarkable finding is that the magnitude of the transport rate, which represents the gas transport efficiency of HFV, is enhanced monotonically when either the phase partitioning or the reversible exchange rate increases, although the dispersion coefficient is affected by these two factors in different manners.
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Appendix:
The differences between present model and DG91 model 1 . A thin-walled tube model was considered by DG91 [13] for a pulmonary airway.
The thin-wall model is based on some approximation assumptions, e.g., a constant wall thickness, uniform normal stress, and zero shear stress across the wall under deformation. A tube is modeled to be a thin-walled structure when its wall thickness is supposed to be infinitesimally small compared with the tube radius (the fraction being < 0.1; see Chandran et al. [26] ). However, as was pointed out by Sera et al. [23] and Montaudon et al. [24] , the mean thickness of pulmonary airways is usually larger than 15% of the lumen radius, which requires one to use a thick-wall model. Based on the more general model by Ma and Ng [16] , we here place no limits on the wall thickness, which can be a very small or a finite fraction of the tube radius.
2. The in vivo state of a pulmonary airway is inflated with a mean airway pressure and also under longitudinal tension. Although initial stresses were considered in their model, the mean pressure and longitudinal stretch are both ignored in the example calculations by DG91 [13] . As will be discussed later in this paper, even a small mean pressure can make finite effects on the gas transport during HFV.
3. DG91 [13] performed their analysis based on the Eulerian system. In fact, the time-mean fluid motion can be described more naturally and conveniently by the Lagrangian approach, as has been adopted by, e.g., Ng and Zhang [27] and Ma and Ng [16] . Also, as will be shown in this paper, the effective advection The Lagrangian description is needed in this part of the mass transport problem.
4. DG91 [13] investigated gas transport in an inert tube without wall reactions. In fact, the lung is a place where the main activity is exchange of gases of various phases [28, 29, 30, 31] . A radial diffusion model was used for wall retention by
Davidson and Schroter [32] , Phillips and Kaye [33] , Jayaraman et al. [34] , and others. Alternatively, Ng [17] employed a first-order kinetic model for the phase exchange wall reaction. The relations between these two models were discussed in further detail by Ng and Rudraiah [18] . In this work, the models for wall absorption and retention by Ng [17] are adopted. Paul and Mazumder [35] recently studied transport of a reactive species in annular flow subject to these wall reactions.
5. DG91 [13] computed the time-averaged axial mass transport rate per cycle of a diffusible substance. Their mathematical expression was, however, rather lengthy and complicated, causing it not so easy to see the dependence of the mass transport mechanism on the controlling parameters. In this study, following the homogenization technique [36] , we can obtain a transport equation 
